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Abstract
We perform the two loop level renormalization of quantum gravity in 2 + ǫ dimen-
sions. We work in the background gauge whose manifest covariance enables us to use
the short distance expansion of the Green’s functions. We explicitly show that the
theory is renormalizable to the two loop level in our formalism. We further make a
physical prediction for the scaling relation between the gravitational coupling constant
and the cosmological constant which is expected to hold at the short distance fixed
point of the renormalization group. It is found that the two loop level calculation is
necessary to determine the scaling exponent to the leading order in ǫ.
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1 Introduction
We have developed the 2 + ǫ dimensional expansion of quantum gravity extensively based
on the pioneering works[2, 3, 4, 5] and the exact solution of the two dimensional quantum
gravity[6, 7, 8]. It is well known that the conformal invariance of the theory cannot be
maintained in general due to the conformal anomaly. However the structure of the conformal
anomaly is well understood in two dimensional quantum gravity and the conformal anomaly
can be cancelled by introducing the “linear dilaton” type coupling[9, 10].
We have proposed to introduce a “linear dilaton” type coupling in our formulation which
is chosen to cancel the conformal anomaly in 2+ǫ dimensions[11, 12, 13]. We have formulated
a systematic procedure to renormalize the theory to all orders based on this idea. We have
also developed a formal proof of the renormalizability within this scheme to all orders[15, 16].
It is important to carry out an explicit calculation at the two loop level to demonstrate the
validity of this scheme. Our previous work in this direction is [14] in which we have computed
the two loop counter terms to the leading order in the central charge c. In this paper, we
complete the full two loop level renormalization of the theory by determining the counter
terms which render the effective action finite. We also renormalize the cosmological constant
operator to the two loop level.
We have adopted the background gauge formalism in our investigations. We decompose
the fields into the background fields and the quantum fields. The background fields appear
as the external fields and the quantum fields appear in the loops. The background gauge has
the advantage to maintain the manifest covariance with respect to the background metric.
It enables us to use a manifestly covariant calculation procedure. We determine the two
loop level counter terms which makes the effective action finite. The effective action is a
functional of the background fields and hence manifestly covariant. In order to achieve this
goal, we also need to make the two point functions of the quantum fields finite. It is because
they appear as the external fields for the one loop subdiagrams of the two loop diagrams.
In this paper we report the result of these calculations.
In addition to demonstrate the validity of our renormalization scheme, there is a merit
of these laborious calculations. They enable us to make a physical prediction for the scaling
relation which is supposed to hold at the short distance fixed point of the renormalization
group. In our previous works, it is found that the anomalous dimension of the cosmological
constant operator is large which almost make it to be a marginal operator at the short
1
distance fixed point of the renormalization group[11, 13]. As it turns out that the two loop
level calculation enables us to calculate the scaling dimension of the cosmological constant
operator and it is found to be relevant. It is because the scaling dimension is O(ǫ) and
the two loop level calculation is required to determine it. We are then able to make a
physical prediction for the scaling relation between the gravitational coupling constant and
the cosmological constant at the ultraviolet stable fixed point of the renormalization group.
This prediction can be compared with the scaling exponent which is measured in a recent
numerical simulation[17] of four dimensional quantum gravity by putting ǫ = 2.
The organization of this paper is follows. In section 2, we explain our calculation proce-
dure which is manifestly covariant with respect to the background metric. We then apply
the covariant calculation procedure to the 2 + ǫ dimensional quantum gravity. In section 3,
we determine the counter terms up to the two loop level in the pure Einstein gravity theory
with no cosmological constant. In section 4, we renormalize the cosmological constant op-
erator and calculate the scaling dimensions of the relevant operators. We make a physical
prediction for the scaling relation at the short distance fixed point of the renormalization
group. We conclude this paper in section 5. The necessary information on the short distance
singularities of the products of the Green’s functions is listed in the appendix A.
Our conventions for the geometric tensors are those of t’Hooft and Veltman[1]. The
background metric is denoted by gˆµν and the tensor indices are raised and lowered by the
background metric. The covariant derivatives should be understood to be taken with respect
to the background metric.
2 Covariant Calculation
In this section, we describe a covariant calculation method with respect to arbitrary back-
grounds. We subsequently apply it to the two-loop renormalization in (2 + ǫ)-dimensional
quantum gravity. The covariant method enables us to elucidate the general structure of the
exact Green’s functions in arbitrary Riemannian manifolds. Especially, we can express the
short distance behavior of the Green’s functions in a manifestly covariant way. This feature
provides us a great help to perform multi-loop calculations.
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2.1 Heat Kernel Methods
Here, we illustrate the method by which we can express the short distance behavior the
of exact propagators in a manifestly covariant way. Although it is well explained in the
literature [21, 22], we recapitulate it here for selfcontainedness.
We consider the elliptic differential operators defined on a D-dimensional Riemannian
manifold of the form,
∆x = I ∇2x + P (x), ∇2 = ∇µ∇µ, (2.1)
Here ∇µ = ∂µ + Γµ is the covariant derivative and P denotes a generic matrix. The exact
propagator G∆ is defined as the Green’s function for the operator ∆ in a manifestly covariant
form.
∆x G∆(x, x
′) = −I δD(x, x′), (2.2)
We note that G∆(x, x
′) transforms as a bi-scalar or a bi-vector,. . . according to the types
of the fields on which the operator ∆ acts. δD(x, x′) is the bi-scalar δ-function on a D-
dimensional curved space satisfying
∫
dDx′
√
gˆ′ δD(x, x′) f(x′) = f(x). (2.3)
To describe the short distance behavior of the exact propagator in a manifestly covariant
way, we adopt the heat kernel method by De Witt [19]. The heat kernel for the operator ∆
is defined with the initial condition by
(
∂
∂τ
−∆x
)
G∆(x, x′; τ) = 0,
lim
τ→+0
G∆(x, x′; τ) = I δD(x, x′). (2.4)
We can easily write down the formal solution of the heat kernel.
G∆(x, x′; τ) = < x′| eτ∆ |x > . (2.5)
It is known that the heat kernel has the following asymptotic expansion in the small τ
limit.
G∆(x, y; τ) = v
1
2 (x, x′)
(4πτ)
D
2
e−
σ(x,x′)
2τ
∞∑
n=0
a∆n (x, x
′) τn. (2.6)
Here, σ(x, x′) is the bi-scalar geodetic interval defined to be equal to the half of the square
of the geodetic distance between x and x′. We shall call it the geodetic interval. We refer
to a multi-component function of the two spacetime points, which transforms like the direct
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product of two scalars, as a bi-scalar function. In a similar way, we define bi-vector functions
and bi-tensor ones. σ(x, x′) is a single-valued function for sufficiently close points x, x′. This
is satisfied in our case since we only have to consider the short distance behavior to obtain
ultraviolet divergences.
The bi-scalar of the geodetic interval is found to satisfy an important differential equation
at an endpoint x.
σ(x, x′) =
1
2
gˆµν(x)σµσν , σµ =
∂
∂xµ
σ(x, x′). (2.7)
v(x, x′) is the bi-scalar Van Vleck-Morette determinant, defined by
v(x, x′) = gˆ−
1
2 (x) gˆ−
1
2 (x′) det(−σµν′),
σµν′ =
∂2
∂xµ∂x′ν′
σ(x, x′). (2.8)
Hereafter, we often indicate the covariant differentiations of σ and v at (x′) x by using
the (primed) subscripts. v satisfies the following equation which can be derived from the
equation (2.7).
v
1
2∇2σ + 2σµ∇µv 12 = D v 12 . (2.9)
We note that σ and v depend only on the background metric locally, while the Seeley
coefficients a∆n are determined by the structure of the operator ∆.
The Seeley coefficients a∆n (x, x
′) are defined inductively by the following equations.
σµ ∇µa∆0 = 0 , a∆0 | = I , (2.10)
n a∆n + σ
µ ∇µa∆n = v−
1
2 ∆x(v
1
2a∆n−1), (2.11)
which are obtained by substituting the asymptotic expansion (2.6) into the equations (2.4).
Here we use a vertical bar to denote the coincidence limit of the two arguments: x′ = x, i.e.
a0| = a0(x, x). The equation (2.10) shows that a∆0 (x, x′) is the two point matrix which makes
the parallel displacement of the fields at x′ to the ones at x along the geodesic connecting
them. We also note that the an’s depend on both the metric and the operator ∆ in a local
fashion.
The equations (2.7), (2.9), (2.10) and (2.11) play crucial roles when we obtain the coinci-
dence limits of (the derivatives of) σ, v and an. The coincidence limits of them are essential
for our calculations which are based on the manifestly covariant expansions of the Green’s
4
functions. Here, we tabulate the results of the coincidence limits of (the derivatives of) σ
and v to the order relevant to our calculation.
σ| = 0 ,
∇µσ| = 0 ,
∇µ∇νσ| = gˆµν ,
∇µ∇ν∇ρσ| = 0 ,
∇µ∇ν∇ρ∇σσ| = −1
3
(Rˆσµρν + Rˆσνρµ) . (2.12)
v
1
2 | = 1 ,
∇µv 12 | = 0 ,
∇µ∇νv 12 | = −1
6
Rˆµν . (2.13)
Now, we can find the short distance behavior of the exact Green’s function (2.2) in a
manifestly covariant form through the relation which is obtained from (2.2) and (2.5).
G∆(x, x
′) = < x′| − I
∆
|x > ,
=
∫ ∞
0
dτ G∆(x, x′; τ) . (2.14)
Corresponding to the short proper time expansion of the heat kernel (2.6), we obtain the
short distance behavior of the Green’s function as
G∆(x, x
′) = G0(x, x
′) a∆0 (x, x
′) + G1(x, x
′) a∆1 (x, x
′) + G∆(x, x
′), (2.15)
where
G0(x, x
′) = v
1
2 (x, x′)
[
Γ( ǫ
2
)
4π
D
2
(2σ(x, x′))−
ǫ
2 − µ
ǫ
2πǫ
]
,
G1(x, x
′) = v
1
2 (x, x′)
[
Γ(−1 + ǫ
2
)
16π
D
2
(2σ(x, x′))1−
ǫ
2 +
µǫ
4πǫ
σ(x, x′)
]
. (2.16)
Simple pole terms in ǫ are subtracted in the definitions of G0 and G1 so that they are
finite in the limit ǫ → 0. These poles reflect the infrared singularities due to the large τ
behavior of the expansion (2.6). Since we have subtracted the infrared singularities of the
Green’s functions here, we can safely identify the short distance singularities of the effective
action as the poles in ǫ in the following sections. We have also introduced the dimensional
regularization scale µ to ensure the consistency of the dimension. We find the well-defined
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non-singular limits of (2.16) as ǫ→ 0 to be
G0 = −v
1
2
4π
{ log(µ2 · 2σ) + log π + γ } ,
G1 =
v
1
2
16π
2σ{ log(µ2 · 2σ) + log π − 1 + γ } . (2.17)
The terms which contain logarithms cause the double-pole singularities in the two-loop
calculations.
In the expansion (2.15), we have separated the potentially singular pieces in the short
distance limit σ → 0 from the non-singular ones. Only G0 and G1 produce the short distance
singularities and they depend locally on the metric. On the other hand, the remainder G is
regular for x ∼ x′ even though it contains two derivatives. It depends on the global aspects
of the manifold in general. We note that G is also constructed to be finite in the limit ǫ→ 0
as in the cases of G0 and G1.
Combining the definitions (2.16) with (2.9), G0 and G1 are found to satisfy the followings:
(−∇2 + v− 12∇2v 12 ) G0 = δD,
(∇µ − v− 12∇µv 12 ) G1 = −1
2
σµG0,
(−∇2 + v− 12∇2v 12 ) G1 = G0 − µ
ǫ
4π
v
1
2 . (2.18)
These relations are useful for us to derive the short distance singularities of the products of
G0’s and G1’s with certain numbers of derivatives. These singular products of the functions
G0, G1 correspond to the short distance divergences which arise after the momentum inte-
grations in multi-loop calculations. We perform the loop integrations in a coordinate space.
These singular products form a basis of our calculation together with the coincidence limits.
(For derivation, see appendix A.)
By analytic continuation in D from D < 0 and using the relations (2.18), we find that
for G0,
G0| ∼ − µ
ǫ
2πǫ
,
∇µG0| ∼ 0,
∇µ∇νG0| ∼ µ
ǫ
12πǫ
Rˆµν , (2.19)
Similarly, the continuation from D < 2 shows that for G1,
G1| ∼ ∇µG1| ∼ 0,
∇µ∇νG1| ∼ µ
ǫ
4πǫ
gˆµν . (2.20)
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Here we have used the coincidence limits of σ and v with the certain numbers of derivatives
as shown in (2.12) and (2.13).
The coincidence limits (2.19), (2.20) of G0 and G1, together with the ones for an’s, easily
lead to the limits of the Green’s function.
G∆| ∼ − µ
ǫ
2πǫ
a∆0 | + G∆|,
∇µG∆| ∼ ∇µG∆|,
∇µG∆←−∇ν′| ∼ − µ
ǫ
12πǫ
Rˆµν′a
∆
0 |+
µǫ
2πǫ
∇ν′∇µa∆0 | −
µǫ
4πǫ
gˆµν′a
∆
1 |+∇µG∆←−∇ν′|. (2.21)
Here the coincidence limits of the Seeley coefficients which can be obtained from (2.10) and
(2.11) are given by
a∆0 | = I ,
∇µa∆0 | = 0 ,
∇µ∇νa∆0 | =
1
2
Rµν ,
a∆1 | = P −
1
6
RˆI . (2.22)
Rµν is defined through the commutation relation of the covariant derivatives for the fields
on which the quadratic operator ∆x acts:
[∇µ,∇ν ] = Rµν . (2.23)
As is seen from the first relation of (2.21), the coincidence limit of G appears in the finite
non-local part of the one-loop effective action. It is also clear that the knowledge of the
coincidence limits (2.21) of the Green’s function suffices to obtain the one-loop divergences.
In general, a multi-loop amplitude is the multiple integral of a multi-component function
of some spacetime points. However the divergent part of the amplitude after the loop
integrations is necessarily the one of a single-component function of a spacetime point. So
the covariant Taylor expansion [20] around a resulting point is particularly useful, when we
obtain the divergent part of the amplitude. This is because divergent parts depend only on
the short distance behavior of the theory. The manifest covariance in the background fields
greatly reduces the amount of the necessary calculations. The covariant Taylor expansion is
a series which consists of the geodetic intervals and the expansion coefficients made of the
background fields. The expansion coefficients are usually the field strength or the derivatives
of it.
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In dimensional regularizations, there remain only logarithmic divergences. In the theories
near two dimensions, logarithmically divergent terms are only those of the mass dimension
two, which are made of the background fields. Therefore we only need to expand the Green’s
functions until the expansion coefficients have the mass dimension two to obtain the divergent
parts of the amplitude. These observations motivate us to apply the covariant calculation
method to the 2-loop analysis of (2+ ǫ)-dimensional quantum gravity. In the remaining part
of this section, we spell out necessary ingredients for such an investigation.
2.2 Applications to (2 + ǫ)-dimensional Quantum Gravity
Our starting point is the following action for gravitational fields, which is obtained from the
pure Einstein action by reparametrizing the conformal mode (ψ) so that its kinetic term
becomes canonical[13]:
Igravity =
µǫ
G
∫
dDx
√
gˆ
{
R˜(1 + aψ + ǫbψ2) − 1
2
g˜µν∂µψ∂νψ
}
. (2.24)
Classically parameters a and b take the values a2 = 4ǫb = ǫ/2(D − 1) while a2 receives
the quantum correction at the one loop level. We treat the conformal mode and the rest
of the degrees of freedom of the metric separately and denote the latter as g˜µν = gˆµρ(e
h)ρ ν
where hµν is a tracelss symmetric tensor. R˜ is the scalar curvature made out of g˜µν . We also
couple c copies of matter fields in the conformally invariant way as:
Imatter =
µǫ
G
∫
dDx
√
gˆ
{
1
2
g˜µν∂µϕi∂νϕi − ǫbϕ2i R˜
}
, (2.25)
The subscript i runs from 1 to c. We note that the matter fields decouple from the conformal
mode.
For the two-loop calculations, we need to expand the action up to the quartic order in
quantum fields. For this purpose, we exploit the following formula in our parameterization:
R˜
= Rˆ−∇µ∇νhµν − hµνRˆνµ
+
1
4
∇ρhµν∇ρhνµ − 1
2
∇µhµρ∇νhνρ + 1
2
Rˆσµνρh
ρ
σh
µν +∇µ(hµν∇ρhνρ)
− 1
4
hµν∇µhρσ∇νhσρ + 1
2
hµν∇µhρσ∇ρhσν − 1
6
(h3)µνRˆ
ν
µ − 1
6
∇µ∇ν(h3)µν
− 1
6
(h2)µν∇νhρσ∇ρhσµ + 1
12
∇µhνρhρσ∇νhσκhκµ − 1
8
hµν∇ρhνσ∇µhσκhκρ
− 1
24
∇µhνρ(h2)ρσ∇νhσµ + 1
24
∇µhνρ∇µhρσ(h2)σν − 1
24
∇µhνρhρσ∇µhσkhκν
8
+
1
8
(h2)µν∇µhρσ∇νhσρ + 1
24
(h4)µνRˆ
ν
µ +
1
24
∇µ∇ν(h4)µν + O(h5). (2.26)
In the background field method, the gauge fixing terms are chosen to fix the quantum
field gauge invariance and to be covariant with respect to the background fields. In order to
cancel the hψ-mixing term with derivatives, we adopt a Feynmann-like gauge:
Ig.f. =
µǫ
G
∫
dDx
√
gˆ
1
2
(∇µhµρ − a∂ρψ)(∇νhνρ − a∂ρψ),
=
µǫ
G
∫
dDx
√
gˆ
{
1
2
∇µhµρ∇νhνρ + aψ∇µ∇νhµν
+
1
2
ǫ
2(D − 1)∂µψ∂
µψ − 1
2
AG
2(D − 1)∂µψ∂
µψ
}
. (2.27)
Here the last term is a finite one-loop term necessary to guarantee the general covariance
up to the one-loop level. This follows from the result of ref.[16] where a2 is related to the β
function of the gravitational coupling constant G.
a2 =
1
2(D − 1)G µ
dG
dµ
,
=
1
2(D − 1)(ǫ− AG+ . . .) . (2.28)
The “linear dilaton” like coupling a is chosen to makes the conformal anomaly with respect to
the background metric vanish. The parameter A is determined to be 25−c
24π
from the one-loop
calculation.
Next let us consider the gauge transformation of the theory in order to obtain F.P.
ghost terms. The local gauge symmetry of gravity theories is the invariance under the
general coordinate transformation. The metric changes under the infinitesimal shifts of the
coordinates as
δgµν = ∂µǫ
ρgρν + gµρ∂νǫ
ρ + ǫρ∂ρgµν . (2.29)
This leads to the gauge transformations of g˜µν , ψ and ϕi fields as:
δg˜µν = ∂µǫ
ρg˜ρν + g˜µρ∂νǫ
ρ + ǫρ∂ρg˜µν − 2
D
∇ρǫρg˜µν ,
δψ = ǫµ∂µψ + {(D − 1)a+ ǫ
4
ψ} 2
D
∇µǫµ,
δϕi = ǫ
µ∂µϕi + (
ǫ
4
ϕi)
2
D
∇µǫµ. (2.30)
So we can derive the gauge transformation of hµν field from that of g˜µν :
δhµν = ∇µǫν +∇νǫµ + ǫρ∇ρhµν − 2
D
δµν∇ρǫρ
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+
1
2
[∇ǫ, h]µν + 1
2
[h, (∇ǫ)t]µν
+
1
12
[h, [h,∇ǫ]]µν + 1
12
[h, [h, (∇ǫ)t]]µν + O(h3). (2.31)
As a result, we find the Faddeev-Popov ghost action from the gauge fixing condition
(2.27) and the gauge transformations (2.30), (2.31) to be
Igh. =
µǫ
G
∫
dDx
√
gˆ {η¯µ∇2ηµ − η¯µRˆµνην −∇µη¯νηρ∇ρhµν
− 1
2
∇µη¯ν(∇µηρ hρν − hµρ∇ρην)− 1
2
∇µη¯ν(hµρ∇νηρ −∇ρηµ hρν)
− 1
12
∇µη¯ν(h2)µρ∇ρην + 1
6
∇µη¯νhµρ∇ρησhσν − 1
12
∇µη¯ν∇µηρ(h2)ρν
− 1
12
∇µη¯ν(h2)µρ∇νηρ + 1
6
∇µη¯νhµρ∇σηρhσν − 1
12
∇µη¯ν∇ρηµ(h2)ρν
+ a∇µη¯µ ην∂νψ + ǫa
2D
∇µη¯µ∇νην ψ − AG
D
∇µη¯µ∇νην} . (2.32)
Here, we have used the expansion (2.28) of a2 and obtained a finite one-loop term as in the
gauge-fixing terms (2.27).
We also need the expansion of the kinetic terms of ψ and matter fields up to the quartic
order. They are easily found, from (2.24) and (2.25), to be
µǫ
G
∫
dDx
√
gˆ
{
−1
2
∂µψ∂
µψ +
1
2
∂µϕi∂
µϕi
+
1
2
hµν∂µψ∂νψ − 1
2
hµν∂µϕi∂νϕi
−1
4
(h2)µν∂µψ∂νψ +
1
4
(h2)µν∂µϕi∂νϕi
}
. (2.33)
Finally, we show the known one-loop counter terms we have determined in [13] which
consist of the gravitational coupling constant renormalization and the linear wave function
renormalization of the fields.
Ic.t. = −25− c+ 8
24πǫ
∫
dDx
√
gˆ
(
1
4
∇ρhµν∇ρhνµ − 1
2
∇µhµρ∇νhνρ + 1
2
Rˆσµνρh
µνhρσ
)
+
1
6πǫ
∫
dDx
√
gˆ aψ(∇µ∇νhµν + hµνRˆνµ)
− 1
12πǫ
∫
dDx
√
gˆ (∇µη¯ν∇µην + η¯µRˆµνην) . (2.34)
There is no renormalization of the gauge fixing term (2.27) which is as expected in generic
gauge theories.
Now, based on the above expansions in quantum fields, we will apply the heat kernel
method to the two-loop renormalizations in (2 + ǫ)-dimensional quantum gravity.
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First, we collect the quadratic terms in quantum fields to define exact propagators:
(Igravity + Imatter + Ig.f. + Igh.)2,
=
µǫ
G
∫
dDx
√
gˆ
[
−1
4
hµν(I
µν,ρσ∇2 + 2Iµν,αβRˆαγβδIγδ,ρσ)hρσ − aψhµνIµν ,ρσRˆρσ
+
1
2
ψ
{(
1− a2
)
∇2 + 2ǫbRˆ
}
ψ
+η¯µ(gˆµν∇2 − Rˆµν)ην
−1
2
ϕi(δij∇2 + 2ǫbRˆδij)ϕj
]
, (2.35)
where
Iµν,ρσ =
1
2
δµρδ
ν
σ +
1
2
δµσδ
ν
ρ − 1
D
gˆµν gˆρσ (2.36)
is the identity for the traceless symmetric tensors in a D-dimensional curved space.
For later convenience, we rescale the fields as
hµν →
√
2Ghµν , ψ → i(1 + a
2
2
)
√
Gψ,
η¯µ, ηµ →
√
Gη¯µ,
√
Gηµ , ϕi →
√
Gϕi . (2.37)
So we can define the exact propagators Gµν,ρ′σ′(x, x
′), Gghµν′(x, x
′), Gψψ′(x, x
′), Gij′(x, x
′) for
hµν , ghost, ψ and ϕi fields respectively, up to O(ǫ), which is enough to obtain divergent
contributions.
∆ACG
C
B′(x, x
′) = −IAB′ δD(x, x′) ,
∆ghµρ G
gh ρ
ν′(x, x
′) = −gˆµν′ δD(x, x′) ,
∆ikGkj′(x, x
′) = −δij′ δD(x, x′) . (2.38)
Here, the quadratic operators ∆ are as follows.
∆AB =
(
∆µν,ρσ ∆µν,ψ
∆ψ,ρσ ∆ψψ
)
,
=
(
Iµν,ρσ 0
0 1
)
∇2 +
(
2Iµν,αβRˆ
α
γ
β
δI
γδ
,ρσ i
√
2(1 + a
2
2
)aIµν,
ρσRˆρσ
i
√
2(1 + a
2
2
)aIρσ,
µνRˆµν 2ǫbRˆ
)
,
≡ IAB∇2 + PAB(x) ,
GAB′(x, x
′) =
(
Gµν,ρ′σ′(x, x
′) Gµν,ψ′(x, x
′)
Gψ,ρ′σ′(x, x
′) Gψψ′(x, x
′)
)
,
∆ghµν = gˆµν∇2 − Rˆµν ,
≡ gˆµν∇2 + Pµν ,
∆ij = δij∇2 + 2ǫbRˆδij ,
≡ δij∇2 + Pij . (2.39)
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We note the traceless property of the quadratic operator ∆µν,ρσ and the exact propagator
Gµν,ρ′σ′(x, x
′) for hµν field.
gˆµν(x) ∆µν,ρσ = gˆ
ρσ(x) ∆µν,ρσ = 0 ,
gˆµν(x) Gµν,ρ′σ′(x, x
′) = gˆρ
′σ′(x′) Gµν,ρ′σ′(x, x
′) = 0 . (2.40)
These constraints originate from the traceless property of hµν field.
gˆµν(x) hµν(x) = gˆ
ρ′σ′(x′)hρ′σ′(x
′) = 0 ,
Gµν,ρ′σ′(x, x
′) = < hµν(x)hρ′σ′(x
′) > . (2.41)
From the expansion (2.15), we should also note the traceless property of the nonlocal
part of hµν field propagator.
gˆµν(x) Gµν,ρ′σ′(x, x
′) = gˆρ
′σ′(x′) Gµν,ρ′σ′(x, x
′) = 0 . (2.42)
It is clear that we can obtain similar relations for hµν-ψ mixing parts.
gˆµν(x) ∆µν,ψ = gˆ
ρσ(x) ∆ψ,ρσ = 0 ,
gˆµν(x) Gµν,ψ′(x, x
′) = gˆρ
′σ′(x′) Gψ,ρ′σ′(x, x
′) = 0 ,
gˆµν(x) Gµν,ψ′(x, x
′) = gˆρ
′σ′(x′) Gψ,ρ′σ′(x, x
′) = 0 . (2.43)
Next, let us consider the Seeley coefficients. As is seen in the previous section, the 0th
Seeley coefficient a∆0 is the geodetic parallel displacement matrix. Solving the definition
(2.10), we obtain the 0th Seeley coefficients for the fields as
a0 µν,ρ′σ′ =
1
2
γµρ′γνσ′ +
1
2
γµσ′γνρ′ − 1
D
gˆµν(x)gˆρ′σ′(x
′) ,
a0 µν,ψ′ = a0 ψ,ρ′σ′ = 0 ,
a0 ψψ′ = 1 ,
agh0 µν′ = γµν′ ,
a0 ij′ = δij′ . (2.44)
Here gˆµν is the background metric, and γµν′ is the geodetic parallel displacement bi-vector
defined by the differential equation:
σρ∇ργµν′ = 0 ,
lim
x′→x
γµν′ = gˆµν′(x) . (2.45)
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The bi-vector γµν′ effects the parallel displacement of a contravariant vector A
ν′ at x′ to the
covariant form at x along the geodesic from x′ to x.
Again, we note that the coefficient a0 µν,ρ′σ′ for hµν field is traceless with respect to the
background metric.
gˆµν(x) a0 µν,ρ′σ′(x, x
′) = gˆρ
′σ′(x′) a0 µν,ρ′σ′(x, x
′) = 0 . (2.46)
Finally, we can find the coincidence limits of various Seeley coefficients from (2.39). They
are the most important ingredients of our two-loop calculations, together with the limits of
σ, v and the singular products of the functions G0, G1.
hµν field
a0 αβ,γ′δ′ | = Iαβ,γ′δ′ ,
∇µ∇νa0 αβ,γ′δ′ | = 1
2
(Rµν)αβ,γ′δ′ ,
=
1
4
(Rˆµναγ′ gˆβδ′ + Rˆµναδ′ gˆβγ′ + Rˆµνβγ′ gˆαδ′ + Rˆµνβδ′ gˆαγ′) ,
a1 αβ,γ′δ′ | = Pαβ,γ′δ′ − 1
6
Rˆ Iαβ,γ′δ′ . (2.47)
hµν-ψ fields
a1 αβ,ψ′ | = Pαβ,ψ′ . (2.48)
ψ field
a0 ψψ′ | = 1 ,
∇µ∇νa0 ψψ′ | = 0 ,
a1 ψψ′ | = Pψψ′ − 1
6
Rˆ . (2.49)
ghost field
a0 αβ′| = gˆαβ′ ,
∇µ∇νa0 αβ′| = 1
2
(Rµν)αβ′ ,
=
1
2
Rˆαβ′µν ,
a1 αβ′| = Pαβ′ − 1
6
Rˆ gˆαβ′ . (2.50)
ϕi fields
a0 ij′| = δij′ ,
∇µ∇νa0 ij′| = 0 ,
a1 ij′| = Pij′ − 1
6
Rˆ δij′ . (2.51)
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Here, we note that ∇µa0| = 0 for all fields. This is easily seen from the fact that no local
and covariant quantity has the mass dimension one.
3 Two-loop Renormalization of Pure Einstein Gravity
In this section, we perform the two-loop renormalization of the pure Einstein gravity theory
(without the cosmological constant). In order to do so, we use the heat kernel method
discussed in the previous section. In the heat kernel method, the evaluations of the non-
local divergences of the effective action at the two loop level are exactly the same as the ones
needed for the one-loop quantum field renormalizations. The nonlocal divergences will be
shown to be cancelled by introducing the counter terms we have already identified at the one
loop level except the type which is proportional to the field equation. We then shaw that
such a non-local divergence can be canceled by a non-linear wave function renormalization
of hµν field.
Our results in this section hence explicitly show that the two-loop divergences of the pure
Einstein gravity theory can be made to be local by the one-loop quantum field renormal-
izations and the renormalization of the gravitational coupling constant. The two loop level
divergence of the effective action is shown to be the Einstein action form and hence can be
canceled by the renormalization of the gravitational coupling constant at the two loop level.
3.1 Two-loop Diagrams with ψ or Matter Fields’ Propagators
First, we evaluate the two-loop diagrams with ψ or matter fields’ propagators. In fig.1, the
wavy and solid lines denote the propagators of hµν and ψ fields, while the dashed-and-dotted
lines denote the propagators of the matter fields. In our previous work, we evaluated the
diagrams of figs.1a-1d, expanding the background metric around the flat one [14]. Here we
illustrate the evaluation of the amplitudes for fig.1a in the heat kernel method.
The amplitudes are given by the following three types of the multiple integrals:
∫
dV dV ′ < ∂µψ(x)∂µ′ψ(x
′) >< ∂νψ(x)∂ν′ψ(x
′) >< hαβ(x)hα′β′(x
′) >
=
∫
dV dV ′ ∂µGψψ′
←−
∂ µ′ · ∂νGψψ′←−∂ ν′ ·Gαβ,α′β′ , (3.1)∫
dV dV ′ < ∂µψ(x)∂µ′ψ(x
′) >< ∂νψ(x)ψ(x
′) >< hαβ(x)∇ν′hα′β′(x′) >
=
∫
dV dV ′ ∂µGψψ′
←−
∂ µ′ · ∂νGψψ′ ·Gαβ,α′β′←−∇ν′ , (3.2)
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Figure 1: Two-loop diagrams with ψ or matter fields’ propagators
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∫
dV dV ′ < ∂µψ(x)ψ(x
′) >< ∂νψ(x)ψ(x
′) >< hαβ(x)hα′β′(x
′) > Rˆρ′σ′(x
′)
=
∫
dV dV ′ ∂µGψψ′ · ∂νGψψ′ ·Gαβ,α′β′Rˆρ′σ′ , (3.3)
where dV denotes an invariant volume element dDx
√
gˆ.
We can evaluate the divergent parts of the above three types of amplitudes for general
subscripts. We first substitute the short distance expansion (2.15) of the exact propagators
into the equations (3.1)-(3.3). The expansions of them are found to consist of the products
of the functions G0, G1 and the Seeley coefficients and G. In order to extract divergent
contributions, let us look at the products of the Seeley coefficients and G. We only have
to keep the products of the quantities with the mass dimensions less than or equal to two,
when we make the covariant Taylor expansions of them. This is seen from a simple power
counting argument.
Furthermore, we have to extract the singular behavior proportional to a delta function
from the products of the functions G0, G1. (See appendix A.) The singular behavior with a
delta function corresponds to the short distance singularity due to the loop integrations. In
this way, we obtain the products of the necessary Seeley coefficients and a delta function as
the short distance behavior of the integrands of the multiple integrals. The delta functions
with no derivative make it possible for us to take simple coincidence limits of the Seeley
coefficients and G. But in the case of the delta function with the derivatives, we have to pay
a little more attention to take coincidence limits. For instance, we may use an identity as
f∇2δD = ∇2(f | · δD)− 2∇µ(∇µf | · δD) +∇2f | · δD . (3.4)
In such a procedure, we can obtain the singular parts of the amplitudes (3.1)-(3.3).
As an example, we can write down the explicit form of the singular contributions of the
amplitude (3.1) as follows.
∫
dDV dDV ′ < ∂µψ(x)∂µ′ψ(x
′) >< ∂νψ(x)∂ν′ψ(x
′) >< hαβ(x)hα′β′(x
′) >
∼
∫
dDV dDV ′
[
(δDpart of γρ
ρ′∂µG0
←−
∂ ρ′ · γσσ′∂νG0←−∂ σ′ ·G0) gˆρµ′ gˆσν′Iαβ,α′β′
+ (δDpart of γρ
ρ′∂µG0
←−
∂ ρ′ · γσσ′∂νG0←−∂ σ′ ·G1) gˆρµ′ gˆσν′Pαβ,α′β′
+ (δDpart of γρ
ρ′∂µG0
←−
∂ ρ′ · γσσ′∂νG1←−∂ σ′ ·G0) gˆρµ′ gˆσν′PψψIαβ,α′β′
+ (δDpart of γρ
ρ′∂νG0
←−
∂ ρ′ · γσσ′∂µG1←−∂ σ′ ·G0) gˆρν′ gˆσµ′PψψIαβ,α′β′
+ (∇µ∇νδD part of γρρ′∂µG0←−∂ ρ′ · γσσ′∂νG0←−∂ σ′)
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with ∇µ∇νδD −→ δD · gˆρµ′ gˆσν′(∇µ∇νGαβ,α′β′ |+∇ν∇µGαβ,α′β′ |)/2
+ (δDpart of γρ
ρ′∂µG0
←−
∂ ρ′ · γσσ′∂νG0←−∂ σ′) gˆρµ′ gˆσν′Gαβ,α′β′|
+ (δDpart of γρ
ρ′∂µG0
←−
∂ ρ′ · γσσ′∂νG1←−∂ σ′) gˆρµ′ gˆσν′PψψGαβ,α′β′|
+ (δDpart of γρ
ρ′∂νG0
←−
∂ ρ′ · γσσ′∂µG1←−∂ σ′) gˆρν′ gˆσµ′PψψGαβ,α′β′|
− (δDpart of γρρ′∂µG0←−∂ ρ′ ·G0) gˆρµ′Iαβ,α′β′∇ν′∇νGψψ|
− (δDpart of γρρ′∂νG0←−∂ ρ′ ·G0) gˆρν′Iαβ,α′β′∇µ′∇µGψψ|
]
. (3.5)
Here, the δD part denotes the singular one of the product of the functions G0, G1, which
is proportional to a delta function. Also, a quadratic derivative part of a delta function is
meant by the ∇µ∇νδD part.
As a result, the total divergent amplitude for fig.1a is found to be
G
(4π)2
∫
dDx
√
gˆ
−7 + 96b
24ǫ
Rˆ
+
G
4π
∫
dDx
√
gˆ
(
− 1
12ǫ
∇2Gµν,µν |+ 1
6ǫ
∇µ∇νGνρ,µρ|
− 1
6ǫ
RˆµρνσG
µν,ρσ| − 1
6ǫ
RˆµνG
µ
ρ,
νρ|+ 1
12ǫ
RˆGµν,
µν |
+
1
ǫ
∇2Gψψ|
)
. (3.6)
Here, we note that there arise only the single-pole divergences. In general, the two-loop
quantum corrections give rise to the double-pole divergences as well as the single-pole ones.
However, the cancellation of the double-pole divergences is necessary to ensure the consis-
tency of the theory, such as the finiteness of the β functions of the renormalization group.
In the remaining part of this section, we will also find each type of the diagrams to yield
only the single-pole divergences.
Let us proceed to the evaluation of the amplitudes of fig.1b. They are of the form of the
square of the one-loop amplitudes. Here, we also have the three types of the expectation
values to consider. ∫
dDx
√
gˆ < ∂µψ(x)∂νψ(x) >< hαβ(x)hγδ(x) >
=
∫
dDx
√
gˆ ∂µGψψ
←−
∂ ν | ·Gαβ,γδ| , (3.7)∫
dDx
√
gˆ < ∇µhαβ(x)∇νhγδ(x) >< ψ(x)ψ(x) >
=
∫
dDx
√
gˆ ∇µGαβ,γδ←−∇ν | ·Gψψ| , (3.8)∫
dDx
√
gˆ < hαβ(x)hγδ(x) >< ψ(x)ψ(x) > Rˆµνρσ(x)
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=
∫
dDx
√
gˆ Gαβ,γδ| ·Gψψ| · Rˆµνρσ . (3.9)
The evaluation of the above is much easier than that of fig.1a. It is straightforward to
perform it by using the coincidence limits (2.21) of the exact propagators.
As an example, we explicitly write down the divergent contributions of the amplitude
(3.7).
∫
dDx
√
gˆ < ∂µψ(x)∂νψ(x) >< hαβ(x)hγδ(x) >
∼
∫
dDx
√
gˆ
[
µ2ǫ
(4π)2
2
3ǫ2
(Rˆµν + 3gˆµνPψψ) Iαβ,γδ
− µ
ǫ
4π
1
3ǫ
(Rˆµν + 3gˆµνPψψ) Gαβ,γδ|
+
µǫ
4π
2
ǫ
∇ν∇µGψψ| · Iαβ,γδ
]
. (3.10)
We have obtained the total divergent amplitude for fig.1b as follows.
G
(4π)2
∫
dDx
√
gˆ
1− 24b
6ǫ
Rˆ
+
G
4π
∫
dDx
√
gˆ
(
1
6ǫ
RˆµνG
µ
ρ,
νρ| − 1
12ǫ
RˆGµν,
µν | − 1
ǫ
∇2Gψψ|
)
. (3.11)
We are left to consider the amplitudes for figs.1c,1d. There is little difference between
ψ and matter fields except for the term: aψR˜. (See the actions (2.24) and (2.25).) It is
irrelevant to the evaluation of these amplitudes, since this term is linear in ψ. As a result,
we have found that the amplitudes for figs.1c,1d are given by (3.6) and (3.11), respectively,
multiplied by the number of matter fields c and with Gψψ replaced by Gϕϕ.
The amplitudes for fig.1e give neither double-pole nor non-local divergence. This is
because the products of the three-point vertices are proportional to a2 ≃ ǫ/2. Although a2
receives the quantum correction, it can be ignored here since it is at higher orders in G. In
this way we have found the divergent amplitude of this diagram to be:
G
(4π)2
∫
dDx
√
gˆ
(
− 1
2ǫ
)
Rˆ . (3.12)
Here, we note that this result is obtained from the double-pole divergence suppressed by
a2 ≃ ǫ/2. Such underlying double-pole singularities arise only in (3.12) and (3.17).
3.2 Two-loop Diagrams with Only hµν Field Propagators
Secondly, we consider the two-loop diagrams made only of the propagators of hµν field.
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Figure 2: Two-loop diagrams made only of hµν field propagators
In a quite similar way to the previous subsection, we can evaluate the amplitudes for
fig.2a. We only have to consider three types of the expectation values. We can also evaluate
the divergent parts of them for general subscripts. Using them, we have found the total
divergent amplitude for fig.2a to be
G
(4π)2
∫
dDx
√
gˆ
15
2ǫ
Rˆ
+
G
4π
∫
dDx
√
gˆ
(
15
4ǫ
∇2Gµν,µν | − 15
2ǫ
∇µ∇νGνρ,µρ|
+
6
ǫ
RˆµρνσG
µν,ρσ|+ 49
12ǫ
RˆµνG
µ
ρ,
νρ| − 31
24ǫ
RˆGµν,
µν |
)
. (3.13)
As for the amplitudes of fig.2b, there are two types of the expectation values to be
considered. We have obtained the total divergent amplitude for fig.2b as follows.
G
(4π)2
∫
dDx
√
gˆ
(
−11
6ǫ
)
Rˆ
+
G
4π
∫
dDx
√
gˆ
(
− 5
6ǫ
∇2Gµν,µν |+ 5
3ǫ
∇µ∇νGνρ,µρ|
− 1
3ǫ
RˆµρνσG
µν,ρσ| − 41
9ǫ
RˆµνG
µ
ρ,
νρ|+ 29
18ǫ
RˆGµν,
µν |
)
. (3.14)
3.3 Two-loop Diagrams with Ghost Propagators
Thirdly, we consider the two-loop diagrams with the ghost propagators. In fig.3, the dashed
lines denote the ghost propagators.
We have three types of the diagrams figs.3a-3c for the ghost contribution. In a similar
way, we can evaluate these amplitudes. The total divergent amplitude for fig.3a is
G
(4π)2
∫
dDx
√
gˆ
11
4ǫ
Rˆ
+
G
4π
∫
dDx
√
gˆ
(
− 1
12ǫ
∇2Gµν,µν |+ 1
6ǫ
∇µ∇νGνρ,µρ|
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Figure 3: Two-loop diagrams with ghost propagators
+
1
3ǫ
RˆµρνσG
µν,ρσ| − 1
3ǫ
RˆµνG
µ
ρ,
νρ| − 1
12ǫ
RˆGµν,
µν |
−1
ǫ
∇2Gghµµ|+ 1
ǫ
RˆµνG
gh µν |
)
. (3.15)
For fig.3b, we have found the sum of the divergent amplitudes to be
G
(4π)2
∫
dDx
√
gˆ
(
−14
9ǫ
)
Rˆ
+
G
4π
∫
dDx
√
gˆ
(
− 1
3ǫ
RˆµρνσG
µν,ρσ| − 1
9ǫ
RˆµνG
µ
ρ,
νρ|+ 2
9ǫ
RˆGµν,
µν |
+
2
3ǫ
∇2Gghµµ| − 2
3ǫ
RˆµνG
gh µν |
)
. (3.16)
The amplitude for fig.3c gives only the local single-pole divergence. This is also because
the product of the three-point vertices is proportional to a2 ≃ ǫ/2. The result is
G
(4π)2
∫
dDx
√
gˆ
(
− 1
2ǫ
)
Rˆ . (3.17)
Again, we note that the result is obtained from the underlying double-pole singularity sup-
pressed by a2 ≃ ǫ/2.
3.4 Contribution from The hµν-ψ Mixing Terms
Here, we consider the diagrams with the mixings of hµν and ψ fields’ propagators.
There are four types of the diagrams figs.4a-4d which give nontrivial contributions. Each
of them has only single mixing of hµν and ψ fields’ propagators. The diagrams with the
double mixings or more are found to give no divergent contribution.
The evaluation of the diagrams with the mixings is much easier than that of the ones
without the mixings, since there does not exist the parallel displacement matrix a0 connecting
hµν field to ψ field. We have obtained only the non-local divergences for each of the diagrams.
This is because the local divergences necessarily arise from the coincidence limit (2.48) of
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Figure 4: Two-loop diagrams with the mixings of the hµν and ψ fields’ propagators
Figure 5: Two-loop diagrams with the insertion of one-loop finite terms
the 1st Seeley coefficient a1 µν,ψ′ but it is a traceless matrix. As a result, we have found the
sum of the amplitudes to be the following non-local divergences.
G
4π
∫
dDx
√
gˆ
2
√
2
3ǫ
ai(∇µ∇νGµν,ψ|+ RˆµνGµν ,ψ|) . (3.18)
As it is expected they are just cancelled by the contribution from the counter terms (3.20).
3.5 Contributions from The One-loop Finite or One-loop Counter
Terms
Finally, we evaluate the amplitudes for the diagrams with the insertion of the one-loop finite
terms or the one-loop counter terms.
We have the only diagram fig.5 to consider for the contribution from the one-loop finite
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Figure 6: Two-loop diagrams with the insertion of one-loop counter terms
terms. The divergent part of the diagram is found from (2.32) to be
G
(4π)2
∫
dDx
√
gˆ
−25 + c
6ǫ
Rˆ . (3.19)
In a similar fashion, we can easily evaluate the diagrams with the insertion of the one-
loop counter terms. We have obtained the sum of the divergent amplitudes for figs.6a and
6b from (2.21) and (2.34) as follows:
G
(4π)2
∫
dDx
√
gˆ
−95 + 3c
9ǫ
Rˆ
+
G
4π
∫
dDx
√
gˆ
{
−33− c
12ǫ
(∇2Gµν,µν | − 2∇µ∇νGνρ,µρ|+ 2RˆµρνσGµν,ρσ|)
−2
√
2
3ǫ
ai(∇µ∇νGµν ,ψ|+ RˆµνGµν ,ψ|)
+
1
3ǫ
(∇2Gghµµ| − RˆµνGgh µν |)
}
. (3.20)
3.6 Total Amplitude
After these calculations, the sum of the two loop divergences except those from the counter
terms is evaluated by summing the contributions of (3.6), (3.11), (3.12), (3.13), (3.14), (3.15),
(3.16), (3.17), (3.18) and (3.19) :
G
(4π)2
∫
dDx
√
gˆ
113 + 3c
72ǫ
Rˆ
+
G
4π
∫
dDx
√
gˆ
{
33− c
12ǫ
(∇2Gµν,µν | − 2∇µ∇νGνρ,µρ|+ 2RˆµρνσGµν,ρσ|)
+
2
√
2
3ǫ
ai(∇µ∇νGµν,ψ|+ RˆµνGµν ,ψ|)
− 1
3ǫ
(∇2Gghµµ| − RˆµνGgh µν |)
− 11
12ǫ
(Rˆµν − 1
2
gˆµνRˆ) G
µ
ρ,
νρ|
}
. (3.21)
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Here, we note that the non-local divergences originate from the one-loop sub-divergences mul-
tiplied by the non-local parts of the propagators with possible derivatives G,∇2G,∇µ∇νG.
This is directly seen from our calculation procedure. When we evaluate a non-local diver-
gence at the two-loop level, we replace one of the propagators of a two-loop diagram by its
non-local part G. A non-local divergence is just a non-local part G multiplied by a local
divergence of a sub-loop which exist in the relevant diagram.
Therefore the non-local divergences at the two loop level exactly match the one-loop
divergent corrections of quantum two-point functions. For example, let us consider a pair
of the three-point vertices of quantum fields. We choose a pair of quantum fields from the
each of the vertices as external fields. Next, we make a loop connecting the remaining two-
point vertices. The one-loop divergent correction of a quantum two-point function is the two
external fields multiplied by the local divergence of the loop. This is identical to a non-local
divergence of a two-loop diagram, if we replace the two external fields by the non-local part
of their propagator G. Conversely we have the following transformation rules, which give
a one-loop divergence for a quantum two-point function from a non-local divergence of a
two-loop diagram. For example,
const.
ǫ
∇µ∇νGνρ,µρ| −→ −const.
ǫ
∇µhµρ∇νhνρ ,
const.
ǫ
RˆµρνσG
µν,ρσ| −→ const.
ǫ
Rˆµρνσh
µνhρσ . (3.22)
We can therefore determine the one-loop quantum field renormalizations which are re-
quired to cancel the nonlocal divergences of the two loop amplitudes if we evaluate the
non-local parts of the two-loop corrections. The renormalizability of the theory implies that
the necessary counter terms can be supplied by the renormalization of the couplings and
the fields. On the other hand, we have already determined the counter terms (2.34) which
consist of the one-loop renormalization of the gravitational coupling constant and the linear
wave function renormalization of the quantum fields[13].
The sum of the amplitudes (3.21) and (3.20) are indeed found to be local except the term
which is proportional to the field equation:
G
(4π)2
∫
dDx
√
gˆ
−79 + 3c
8ǫ
Rˆ
+
G
4π
∫
dDx
√
gˆ
(
− 11
12ǫ
)
(Rˆµν − 1
2
gˆµνRˆ)G
µ
ρ,
νρ| . (3.23)
Since the field equations appear when we take the variation of the action by the fields,
the remaining divergence can be dealt with by a nonlinear field renormalization at the one
23
loop level. Previously we missed this counter term since we considered only the linear wave
function renormalization of the fields. We remark that there is no principle to prohibit the
nonlinear field renormalizations in this theory since the fields are dimensionless. Therefore,
we are led to introduce the following renormalization of hµν field, paying attention to the
traceless property.
h0µν =
(
1− G
6πǫ
)
hµν + Zn.l.
(
hµρh
ρ
ν − 1
D
gˆµνhρσh
ρσ
)
. (3.24)
From the linear terms of the expansion (2.26) we obtain additional counter terms, and find
the expectation values of them to give only the non-local divergences:
∫
dDx
√
gˆ 2Zn.l.(Rˆµν − 1
2
gˆµνRˆ)G
µ
ρ,
νρ| . (3.25)
Therefore, the two-loop expectation value (3.23) can be made to be local, only if we choose
the non-linear renormalization constant Zn.l. of hµν field as
Zn.l. =
G
4π
11
24ǫ
. (3.26)
Finally the total divergent contribution to the effective action at the two loop level in
pure Einstein gravity is found to be of the renormalizable form.
G
(4π)2
∫
dDx
√
gˆ
−79 + 3c
8ǫ
Rˆ . (3.27)
Here, we note that there arises only the single-pole divergence. The cancellation of the
double-pole divergences is necessary for the consistency of the theory.
4 Renormalization of the Cosmological Constant Op-
erator
In this section, we study the renormalization of the cosmological constant operator. As
it will be shown, we need to introduce new counter terms to renormalize the cosmological
constant operator. We also show that these new counter terms do not spoil the result of the
previous section. We consider an infinitesimal perturbation of the theory by the cosmological
constant operator by adding the following term to the action:
Λ
∫
dDx
√
g = Λ
∫
dDx
√
gˆ(1 +
2ǫb
a
ψ)
2D
ǫ
≃ Λ
∫
dDx
√
gˆ exp((1− ǫ
2
)
1
a
ψ − ǫ
8a2
ψ2 + . . .) . (4.1)
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This term is manifestly generally covariant and it is invariant under the gauge transformation
(2.30). The quadratic part of the action with respect to ψ field becomes:
∫
dDx
√
gˆ
(
− µ
ǫ
2G
(1− a2)∂µψ∂µψ + ΛµD(1− 5ǫ
4
)
1
2a2
ψ2 +
1
G
ǫbRˆψ2
)
. (4.2)
We regard Λ to be infinitesimally small and evaluate the divergent part of the effective
action proportional to Λ. Namely we consider the diagrams with the single insertion of the
cosmological constant operator. Further insertions of the cosmological constant operator
do not lead to the short distance divergences by the power counting. We utilize the same
covariant calculation method which has been employed in the previous section. The relevant
diagrams in this section are those which contain ψ field propagators. The divergent part
proportional to Λ at the one loop level is
−
∫
dDx
√
gˆ(
G
4π
)Λ(
1
ǫa2
+
1
ǫ
) . (4.3)
At the two loop level, we find the following divergences:
∫
dDx
√
gˆ
(
(
G
4π
)2Λ((
1
ǫa2
)(
−1
4
) +
−3
ǫ2
+ (
1
ǫ
)(
−35
8
+ 4πG¯µν ,
µν )) +
G
4πǫ
a2∇2G¯ψψ|
)
. (4.4)
Here we omit the square of the one loop result (4.3). In this expression, we find two types
of the nonlocal divergences.
The first type arises due to the one loop level divergence of G
4πǫ
Λ
∫
dDx
√
gˆhµνh
µν form.
It also leads to the double pole singularity in (4.4). Such a divergence can be subtracted
by the nonlinear wave function renormalization of ψ field as ψ0 = ψ + a( G
4πǫ
)(hµνh
µν + G
πǫ
).
The last term at O(G2) is added in order to cancel the leading singularity of the vacuum
expectation value of ψ. By doing so, we can eliminate the first nonlocal divergence in (4.4)
and obtain
∫
dDx
√
gˆ
(
(
G
4π
)2Λ((
1
ǫa2
)(
−1
4
) +
−3
ǫ2
+ (
1
ǫ
)(
−27
8
)) +
G
4πǫ
a2∇2G¯ψψ|
)
. (4.5)
This procedure also gives rise to the following counter term from the Einstein action:
(
a2
4πǫ
)
∫
dDx
√
gˆRˆ(hµνh
µν +
G
πǫ
) . (4.6)
At the one loop level, it can be regarded to be a finite counter term by expanding a2 in terms
of G. It leads to no new divergence of
∫
dDx
√
gˆRˆ type at the two loop level. Therefore this
new counter term is harmless to the order in the perturbation theory we are working here.
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We have also found the following contribution of the ψ field kinetic term type due to
the one loop subloops of hµν and ghost fields which is responsible for the second nonlocal
divergence in (4.4):
− ( a
2
4πǫ
)
∫
dDx
√
gˆ∂µψ∂
µψ . (4.7)
This one loop contribution is another source of the double pole singularity of the cosmological
constant operator at the two loop level. It is because a2 factor in the numerator of this term
can be cancelled by the inverse power of a which is associated with ψ field in the cosmological
constant operator. We need to subtract this term from the one loop subdiagrams when we
consider the diagrams with the single insertion of the cosmological constant operator. In
order to do so, we have chosen to adopt the following counter term in the action:
(
(D − 1)a2
2πǫ
)
∫
dDx
√
gˆ
(
R˜(1 + aψ + ǫbψ2)− 1
2
∂µψ∂
µψ
)
. (4.8)
This action contains the desired counter term of the ψ field kinetic term type. Although it
contains other counter terms, they can be regarded as finite counter terms by expanding a2
in terms of G. It is because ψ field appears with additional factors of a or ǫ as long as they
are concerned. The terms which involve only hµν field are safe since they do not couple to ψ
field directory. After this procedure, the two loop level divergence proportinal to Λ becomes:
∫
dDx
√
gˆ(
G
4π
)2Λ
(
(
1
ǫa2
)(
−1
4
) +
−1
ǫ2
+ (
1
ǫ
)(
−7
8
)
)
. (4.9)
The counter terms (4.8) do not give rise to new divergences of the Einstein action form
neither at the two loop level.
After these considerations, we find that the divergence of the effective action which is
proportinal to Λ is local. However it still contains the double pole in ǫ. The double pole
here can be removed by the following wave function renormalization. We note that there is
a freedom of the scale transformation of the background metric. We utilize this freedom to
eliminate the divergences of the cosmological constant type which is independent of a2. We
rescale the background metric by the following factor:
Z = 1 + (
G
4π
)2(
−1
ǫ2
) . (4.10)
After the scaling, the remaining two loop level divergence proportinal to Λ has only the
simple pole in ǫ: ∫
dDx
√
gˆ(
G
4π
)2Λ
(
(
1
ǫa2
)(
−1
4
) + (
1
ǫ
)(
−7
8
)
)
. (4.11)
26
This procedure also leads to the rescaling of the Einstein action.
Z
ǫ
2
∫
dDx
√
gˆ
1
G
Rˆ ,
Z
ǫ
2 = 1 +
(
G
4π
)2
(
−1
2ǫ
) . (4.12)
Here, the exponent: ǫ
2
is seen from the dependence of the Einstein term and the cosmological
constant operator on the conformal mode.
√
gR ≃ e− ǫ2φ
√
gˆR˜ ,
√
g ≃ e−D2 φ
√
gˆ . (4.13)
The rescaling of the background metric introduces a new counter term as in (4.12). Due to
the new counter term, the total two-loop divergence of the effective action which is of the
Einstein action type becomes the following instead of the final result of the previous section
(3.27):
G
(4π)2
∫
dDx
√
gˆ
−3(25− c)
8ǫ
Rˆ . (4.14)
It has a simple pole in ǫ and vanishes when c = 25 which corresponds to the critical string
theory in the two dimensional limit. These are certainly the desirable features.
Here we recall the counter terms at the one loop level which can be associated with the
bare gravitational coupling constant
−µ
ǫ
G
(
25− c
6ǫ
)(
G
4π
) +
(D − 1)a2
2πǫ
,
= −µ
ǫ
G
(
25− c
6ǫ
)(
G
4π
) +
µǫ
4π
(
1− (25− c
6ǫ
)(
G
4π
)
)
(4.15)
The first term is the coefficient of
∫
dDx
√
gˆR˜ and the second term is the coefficient of the
Einstein action in (4.8). The only first term contributes to the conformal anomaly at the
one loop level and enters in the definition of a2 at O(G)[16]. We note that the second term
contains O(G) term. We have to add an appropriate O(G) term to it in order to cancel
(4.14).
In this way, the bare gravitational coupling constant at the two loop level is found to be
1
G0
=
µǫ
G
(1 +
G
4π
)
(
1− (25− c
6ǫ
)(
G
4π
)− (5(25− c)
24ǫ
)(
G
4π
)2
)
(4.16)
We can still remove the factor (1+ G
4π
) from this quantity by rescaling the background metric.
We also need to multiply the factor (1 + G
4π
)
−2
ǫ to the cosmological constant operator at the
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same time. In such a renormalization scheme, the bare gravitational coupling constant is
found to be:
1
G0
=
µǫ
G
(
1− (25− c
6ǫ
)(
G
4π
)− (5(25− c)
24ǫ
)(
G
4π
)2
)
(4.17)
The β function of the gravitational coupling constant is
βG = ǫG− (25− c
6
)(
G
4π
)G− (5(25− c)
12
)(
G
4π
)2G (4.18)
It agrees with our previous result of [14] to the leading order in c.
The remaining simple pole divergences of the cosmological constant operator which are
inversely proportional to a2 can be ascribed to the singular expectation value of ψ2:
< ψ2 >=
G
2πǫ
(
1 + (
1
4
)
G
4π
)
(4.19)
They are of order (G/a2) and they can become large around the short distance fixed point
of the renormalization group where a2 → 0. At higher orders, we also find the divergences
of order (G/a2)n. Therefore we need to sum this class of contributions to all orders. It can
be done by considering the following integral[11].
∫
dψexp
(
4
ǫ
log(1 +
ǫψ
4a
)− πǫ
G
(1− (1
4
)
G
4π
)ψ2
)
(4.20)
This integral can be evaluated for small ǫ by the saddle point method with the change of
the variables: ǫψ
4a
= ρ. The saddle point of ρ satisfies:
ρ0(1 + ρ0)− G
8πa2
(
1 + (
1
4
)
G
4π
)
= 0 (4.21)
The renormalization factor is found to be
ZΛ = exp
(
4
ǫ
log(1 + ρ0)− 16πa
2
ǫG
(1− G
16π
)ρ20
)
exp(− G
4πǫ
) (4.22)
where the last factor is necessary to cancel the one loop divergence which is independent of
a2. The anomalous dimension is found to be
γ = µ
∂
∂µ
logZΛ,
=
16πa2
G
ρ20 −
G
4π
(4.23)
We therefore find the anomalous dimension to be
2(1− G
16π
)− 8π
G
(
−a2 +
√
a4 +
Ga2
2π
(1 +
G
16π
)
)
(4.24)
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In these considerations, a2 is regarded as O(G) quantity and the anomalous dimension is
O(1) at the one loop level. At the two loop level, we find a finite correction of O(G) to the
leading result.
At the short distance fixed point of the renormalization group where a2 vanishes, we find
the anomalous dimension of the cosmological constant operator to be
2(1− G
∗
16π
) (4.25)
where G∗ = 24πǫ
25−c
+ O(ǫ2) is the fixed point coupling constant. The scaling dimension is
the sum of the canonical and the anomalous dimensions. The scaling dimension of the
cosmological constant operator around the fixed point is found to be
− (2 + ǫ) + 2− G
∗
8π
= −ǫ− 3ǫ
25− c +O(ǫ
2) (4.26)
The leading order quantity of O(1) has been cancelled by the quantum correction and the
scaling dimension is found to be O(ǫ) by the two loop level calculation.
The scaling dimension of the inverse gravitational coupling constant around the fixed
point is:
µ
∂
∂µ
(
1
G
− 1
G∗
) = −ǫ( 1
G
− 1
G∗
) +O(ǫ2) (4.27)
Since the scaling dimension of the cosmological constant operator is determined to be O(ǫ) by
the two loop calculation, we only need the one loop β function of the gravitational coupling
constant here. It is because of the cancelation of the leading O(1) term in the scaling
dimension of the cosmological constant operator. In order to determine the scaling dimension
up to O(ǫ2), we need to renormalize the cosmological constant operator up to higher orders.
We find that the both gravitational and the cosmological couplings are relevant. Although
they are also relevant couplings classically, the scaling dimension of the cosmological constant
operators has changed drastically from the classical value of D to that of O(ǫ). However
these scaling dimensions separately cannot be physical quantities. It is because they are
scheme dependent on how we rescale the metric.
The physically meaningful prediction is the scaling relation between the gravitational
coupling constant and the cosmological constant. We find the scaling relation between the
gravitational coupling constant and the cosmological constant at the short distance fixed
point as
(
1
G
− 1
G∗
)ǫ+
3ǫ
25−c ∼ Λǫ (4.28)
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It is very different from the classical scaling relation which holds at the weak coupling infrared
fixed point:
(
1
G
)D ∼ Λǫ (4.29)
These scaling exponents have been numerically measured in four dimensions by using
a real space renormalization group technique[17]. What has been observed is the following
scaling relation at an ultraviolet stable fixed point:
N−
β0
4 ∼ |κ∗ − κ| (4.30)
where κ is the inverse gravitational coupling constant and N is the space time volume which
is dual to the cosmological constant. Therefore it leads
Λ
β0
4 ∼ |κ∗ − κ| (4.31)
β0 is measured to be 6.5(1.2). If we put ǫ = 2 in our scaling relation (4.28), it gives β0 ∼ 4.
On the other hand, the classical scaling relation corresponds to the exponent β0 = 2. We
observe that our prediction is closer to the measured value than the classical exponent.
5 Conclusions and Discussions
In this paper, we have performed the two loop level renormalization of the quantum gravity
in 2 + ǫ dimensions. We have adopted the background gauge and computed the effective
action of the background fields which is manifestly covariant. We have made the most of the
covariance to simplify the calculation. We have shown that the short distance divergences
are renormalizable within our scheme to the two loop level.
In fact we have explicitly determined the counter terms which make the effective action
finite up to this order. These counter terms are all of the expected types which can be
supplied by the renormalization of the couplings and the wave functions. The most nontriv-
ial counter term is the type of
∫
dDx
√
gˆR˜ which gives rise to the conformal anomaly. Our
renormalization scheme is successful to handle it by choosing the “linear dilaton” type cou-
pling a in such a way to maintain the conformal invariance with respect to the background
metric. The bare action can be chosen to be a manifestly covariant form simultaneously[16].
We have thus demonstrated the effectiveness of our formalism by the explicit calculations
reported here.
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We have further predicted the scaling relations and the scaling exponents between the
gravitational and the cosmological coupling constants. Such a prediction can be compared
with recent numerical investigations in quantum gravity. We have found that our prediction
appears to be closer to the measured value than the classical prediction. However it also
turns out that taking the continuum limit is not straightforward at the ultraviolet stable fixed
point where the scaling is observed[18]. The problem is that the phase transition appears
to be of the first order rather than the second order. So constructing a realistic quantum
gravity theory still is a challenging task and the exponent which has been measured in the
numerical approach may be taken qualitatively at best.
However we cannot rule out the possibility that the continuum limit may be taken with
further ingenuity and the scaling behavior currently observed may qualitatively survive.
Therefore we believe that it is worthwhile to seriously attempt to calculate the scaling
exponents in the continuum approach in view of the progress which has been already achieved
in the numerical approach. We hope that our results will shed light on the continuum
quantum gravity with such an optimism.
Acknowledgements
We thank H. Kawai ,M. Ninomiya and J. Ambjorn for stimulating discussions. We also
thank J. Nishimura and A. Tsuchiya for the earlier collaboration on this project. We have
performed a large amount of tensor calculations with the help of MathTensor, a software for
symbolic manipulations involved in tensor analysis. Our work is supported in part by the
Grant-in-Aid for Scientific Research from the Ministry of Education,Science and Culture of
Japan.
A Singular Products of The Functions G0, G1
In the course of the calculation of the two-loop amplitudes, we need to know the singular
behavior of the several products of the functions G0’s and G1’s at short distance. In general,
the singular part is given by the bi-scalar delta functions with derivatives or those multiplied
by covariant curvature tensors. In terms of them, we can evaluate the loop amplitudes in a
manifestly covariant way. In this appendix, we will illustrate the derivation of them [23] .
The functions G0 and G1 are effectively defined by the equations (2.18). The consistency
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with the first of (2.18) and the coincidence limits (2.19) lead us to find the singular behavior:
∇µ∇νG0 ·G0n ∼ −(−1)
n
D
µnǫ
(2πǫ)n
gˆµνδ
D , (A.1)
from which we can immediately obtain, discarding a non-singular total derivative,
∇µG0∇νG0 ·G0n−1 ∼ 1
D
(−1)n
n
µnǫ
(2πǫ)n
gˆµνδ
D . (A.2)
Differentiating (A.1) and (A.2), we can derive the singular behavior of the products with
three derivatives. They are proportional to the delta functions with a derivative, since there
does not exist a covariant curvature term of the mass dimension one.
∇µ∇νG0∇ρG0 ·G0n−1
∼ − 1
D + 2
(−1)n
n
µnǫ
(2πǫ)n
(
2
D
gˆµν∂ρ − gˆµρ∂ν − gˆνρ∂µ
)
δD , (A.3)
∇µG0∇νG0∇ρG0 ·G0n−2
∼ − ǫ
D(D + 2)
(−1)n
n(n− 1)
µnǫ
(2πǫ)n
(gˆµν∂ρ + gˆµρ∂ν + gˆνρ∂µ)δ
D . (A.4)
Here, we have used the result.
∇µ∇ν∇ρG0 ·G0n
∼ − (−1)
n
D + 2
µnǫ
(2πǫ)n
(gˆµν∂ρ + gˆµρ∂ν + gˆνρ∂µ)δ
D , (A.5)
which is obtained, in the same way as (A.1), from the symmetry under the exchange of the
indices of the singular part.
Next, we proceed to the singular behavior of the products of the functions G0’s and G1’s
with four derivatives. They have the mass dimension four. So, the singular piece consists
of the bi-scalar delta functions with the quadratic derivatives or those multiplied by the
curvature tensors.
We cite the results for the singular parts of the products of G0’s and G1’s.
∇µ∇νG0∇ρ∇σG0 ·G0n−1
∼ 1
(D + 2)(D + 4)
(−1)n
n
µnǫ
(2πǫ)n
{
2− ǫ
D
gˆµν gˆρσ∇2δD + D
2
(gˆµρgˆνσ + gˆµσgˆνρ)∇2δD
− 4(gˆµν∇ρ∇σ + gˆρσ∇µ∇ν)δD
+ D(gˆµρ∇ν∇σ + gˆµσ∇ν∇ρ + gˆνρ∇µ∇σ + gˆνσ∇µ∇ρ)δD
}
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+
1
3(D + 2)
(−1)n
n
µnǫ
(2πǫ)n
{2(Rˆµρνσ + Rˆµσνρ)
+ (gˆµρRˆνσ + gˆµσRˆνρ + gˆνρRˆµσ + gˆνσRˆµρ)}δD
− 1
6(D + 2)(D + 4)
(−1)n(n− 1)
n
µnǫ
(2πǫ)n
{(
1− 2ǫ
D
)
gˆµν gˆρσRˆ
+
D
2
(gˆµρgˆνσ + gˆµσgˆνρ)Rˆ− 4(gˆµνRˆρσ + gˆρσRˆµν)
+ D(gˆµρRˆνσ + gˆµσRˆνρ + gˆνρRˆµσ + gˆνσRˆµρ)
}
δD
+
(−1)n
6D
µnǫ
(2πǫ)n
(gˆµνRˆρσ + gˆρσRˆµν)δ
D , (A.6)
∇µ∇νG0∇ρG0∇σG0 ·G0n−2
∼ ǫ
(D + 2)(D + 4)
(−1)n
n(n− 1)
µnǫ
(2πǫ)n
{
2
D
gˆµν gˆρσ∇2δD − 1
2
(gˆµρgˆνσ + gˆµσgˆνρ)∇2δD
+
4
D
gˆµν∇ρ∇σδD − gˆρσ∇µ∇νδD
− (gˆµρ∇ν∇σ + gˆµσ∇ν∇ρ + gˆνρ∇µ∇σ + gˆνσ∇µ∇ρ)δD
}
− ǫ
3D(D + 2)
(−1)n
n(n− 1)
µnǫ
(2πǫ)n
{2(Rˆµρνσ + Rˆµσνρ)
+ (gˆµρRˆνσ + gˆµσRˆνρ + gˆνρRˆµσ + gˆνσRˆµρ)}δD
+
ǫ
6(D + 2)(D + 4)
(−1)n
n
µnǫ
(2πǫ)n
{
− 2
D
gˆµν gˆρσRˆ
+
1
2
(gˆµρgˆνσ + gˆµσgˆνρ)Rˆ + (gˆµνRˆρσ + gˆρσRˆµν)
− D
4
(gˆµρRˆνσ + gˆµσRˆνρ + gˆνρRˆµσ + gˆνσRˆµρ)
}
δD
− (−1)
n
6n
µnǫ
(2πǫ)n
{
1
D
(gˆµνRˆρσ + gˆρσRˆµν)
− 1
4
(gˆµρRˆνσ + gˆµσRˆνρ + gˆνρRˆµσ + gˆνσRˆµρ)
}
δD . (A.7)
These correspond to the overlapping divergences, when a part of the x derivatives of G0’s is
converted into those with respect to y.
We also have to consider the products involving a function G1. The equations (2.18)
make it possible for us to reduce the derivative of G1 to the sum of G0’s and G1’s with
no derivative. Using them, we find the singular parts of the products including a function
G1 and four derivatives to be proportional to the delta functions without any derivatives or
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curvature tensors. There are three types of products necessary for our calculation.
∇µ∇νG0∇ρ∇σG1 ·G0n−1
∼ (−1)
n
2D
µnǫ
(2πǫ)n
gˆµν gˆρσδ
D
+
1
2(D + 2)
(−1)n
n
µnǫ
(2πǫ)n
(
− 2
D
gˆµν gˆρσ + gˆµρgˆνσ + gˆµσgˆνρ
)
δD , (A.8)
∇µG0∇νG0∇ρ∇σG1
∼ − 1
4D
µ2ǫ
(2πǫ)2
gˆµν gˆρσδ
D
− ǫ
4D(D + 2)
µ2ǫ
(2πǫ)2
(gˆµν gˆρσ + gˆµρgˆνσ + gˆµσgˆνρ)δ
D , (A.9)
∇µ∇νG0∇ρG0∇σG1
∼ − 1
4(D + 2)
µ2ǫ
(2πǫ)2
(
2
D
gˆµν gˆρσ − gˆµρgˆνσ − gˆµσgˆνρ
)
δD . (A.10)
So far, we have considered the singular behavior of the products of G0’s or G1’s with only
x derivatives. Now, let us extend the previous results to the products with x′ derivatives as
well as those with respect to x.
We can convert the x derivative of the functions G0, G1 to that with respect to x
′, using
an identity which uses the parallel displacement bi-vector γµ
ν′:
γµ′
µ∇µGi = −Gi←−∇µ′ , i = 0, 1. (A.11)
As a result, the singular expansions (A.1)-(A.5) and (A.8)-(A.10) are valid under the change:
∇µGi −→ −γµµ′Gi←−∇µ′ , i = 0, 1. (A.12)
On the other hand, we should pay attention to the singular parts proportional to the
quadratic derivatives of a delta function. In (A.6) and (A.7), we need additional curva-
ture terms as
γρ
ρ′∇µG0←−∇ρ′ · γσσ′∇νG0←−∇σ′ ·G0n−1
∼ ∇µ∇ρG0∇ν∇σG0 ·G0n−1
− 1
D + 2
(−1)n
n
µnǫ
(2πǫ)n
{
1
D
(gˆµρRˆνσ + gˆνσRˆµρ) + Rˆµνρσ + Rˆµσρν
}
δD , (A.13)
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γρ
ρ′∇µG0←−∇ρ′ · ∇νG0 · γσσ′G0←−∇σ′ ·G0n−2
∼ ∇µ∇ρG0∇νG0∇σG0 ·G0n−2
+
ǫ
2D(D + 2)
(−1)n
n(n− 1)
µnǫ
(2πǫ)n
(Rˆµνρσ + Rˆµσρν − gˆνσRˆµρ)δD . (A.14)
Here, we have used the coincidence limits (2.22).
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